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AN ADDITIVE THEOREM AND RESTRICTED SUMSETS 



Zhi-Wei Sun 

Abstract. Let G be any additive abelian group with cyclic torsion sub- 
group, and let A, B and C be finite subsets of G with cardinality n > 0. 
We show that there is a numbering {ai}™ =1 of the elements of A, a number- 
ing {f>i}" =1 of the elements of B and a numbering {ci}™ =1 of the elements 
of C, such that all the sums ai +bi + Ci (1 sC i $J n) are (pairwise) distinct. 
Consequently, each subcube of the Latin cube formed by the Cayley ad- 
dition table of 7a/ Nli contains a Latin transversal. This additive theorem 
is an essential result which can be further extended via restricted sumsets 
in a field. 



1. Introduction 

In 1999 Snevily [Sn] raised the following beautiful conjecture in additive 
combinatorics which is currently an active area of research. 

Snevily's Conjecture. Let G be an additive abelian group with \G\ odd. 
Let A and B be subsets of G with cardinality n G Z + = {1, 2, 3, ... }. Then 
there is a numbering {ai}™ =1 of the elements of A and a numbering {6i}™ =1 
of the elements of B such that the sums a,\ + b±, . . . ,a n + b n are (pairwise) 
distinct. 

When \G\ is an odd prime, this conjecture was proved by Alon [A2] 
via the polynomial method rooted in Alon and Tarsi [AT] , and developed 
by Alon, Nathanson and Ruzsa [ANR] (see also [N, pp. 98-107] and [TV, 
pp. 329-345]) and refined by Alon [Al] in 1999. In 2001 Dasgupta, Karolyi, 
Serra and Szegedy [DKSS] confirmed Snevily's conjecture for any cyclic 
group of odd order. In 2003 Sun [Su3] obtained some further extensions of 
the Dasgupta-Karolyi-Serra-Szegedy result via restricted sums in a field. 

In Snevily's conjecture the abelian group is required to have odd order. 
(An abelian group of even order has an element g of order 2 and hence we 
don't have the described result for A = B = {0, g}.) For a general abelian 
group G with its torsion subgroup Tor(G) = {a G G : a has a finite order} 
cyclic, if we make no hypothesis on the order of G, what additive properties 
can we impose on several finite subsets of G with cardinality n? In this 
direction we establish the following new theorem of additive nature. 
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Theorem 1.1. Let G be any additive abelian group with cyclic torsion 
subgroup, and let A\, . . . , A m be arbitrary subsets ofG with cardinality n G 
Z + , where m is odd. Then the elements of Ai (1 ^ i ^ m) can be listed in 
a suitable order an, . . . , ai n , so that all the sums YmLi a ij (1 ^ J ' ^ n ) are 
distinct. In other words, for a certain subset A m+ i of G with \ A m+ i\ = n, 
there is a matrix (aij)i^ m +i, i^^ n such that {an,... ,a in } = Ai for 
all i = 1, . . . ,m + 1 and the column sum X^t 1 a *i vanishes for every 
j = 1,... ,n. 

Remark 1.1. Theorem 1.1 in the case m = 3 is essential; the result for 
m = 5, 7, . . . can be obtained by repeated use of the case m = 3. 

Example 1.1. In Theorem 1.1 the condition 2 \ m is indispensable. Let 
G be an additive cyclic group of even order n. Then G has a unique 
element g of order 2 and hence a 7^ —a for all a G G \ {0,g}. Thus 
XlaeG a = + # = 9- F° r each i = 1, . . . ,m let an, . . . , a^ n be a list of the 
n elements of G. If those Y^L\ a ij with 1 ^ j ^ n are distinct, then 

n m m n 

J2 a = J2J2 a *j = J2J2 a *j = m J2 a > 

aeG j=l i=l i=l j=l aeG 

hence (m — 1)^ = (m — 1) XlaeG a = an d therefore m is odd. 

Example 1.2. The group G in Theorem 1.1 cannot be replaced by an 
arbitrary abelian group. To illustrate this, we look at the Klein quaternion 
group 

Z/2Z © Z/2Z = {(0, 0), (0, 1), (1, 0), (1, 1)} 

and its subsets 

A x = {(0, 0), (0, 1)}, A 2 = {(0, 0), (1, 0)}, A 3 = ■ ■ ■ = A m = {(0, 0), (1, 1)}, 

where m ^ 3 is odd. For % = 1, . . . , m let ai, a\ be a list of the two elements 
of Ai, then 

m 

^T(a, + a'i) = (0, 1) + (1, 0) + (m - 2)(1, 1) = (0, 0) 

i=i 

and hence JJ l=1 fli = - E l= i ^ = Ei=i 

Recall that a line of an n x n matrix is a row or column of the matrix. 
We define a line of an n x n x n cube in a similar way. A Latin cube over 
a set 5" of cardinality n is an n x n x n cube whose entries come from the 
set S and no line of which contains a repeated element. A transversal of 
an n x n x n cube is a collection of n cells no two of which lie in the same 
line. A Latin transversal of a cube is a transversal whose cells contain no 
repeated element. 
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Corollary 1.1. Let N be any positive integer. For the N x N x N Latin 
cube over Z/NZ formed by the Cayley addition table, each nxnxn subcube 
with n ^ N contains a Latin transversal. 

Proof. Just apply Theorem 1.1 with G = Z/NZ and m = 3. □ 

In 1967 Ryser [R] conjectured that every Latin square of odd order has 
a Latin transversal. Another conjecture of Brualdi (cf. [D], [DK, p. 103] 
and [EHNS]) states that every Latin square of order n has a partial Latin 
transversal of size n—1. These and Corollary 1.1 suggest that our following 
conjecture might be reasonable. 

Conjecture 1.1. Every nxnxn Latin cube contains a Latin transversal. 

Note that Conjecture 1.1 does not imply Theorem 1.1 since an nxnxn 
subcube of a Latin cube might have more than n distinct entries. 

Corollary 1.2. Let G be any additive abelian group with cyclic torsion 
subgroup, and let Ai, . . . ,A m be subsets of G with cardinality n G Z + , 
where m is even. Suppose that all the elements of A m have odd order. 
Then the elements of Ai (1 ^ i $C m) can be listed in a suitable order 
an, . . . , ai n , so that all the sums Y^JiLi a ij 0-^3^ n ) are distinct. 

Proof. Asm-1 is odd, by Theorem 1.1 the elements of Ai (1 ^ i ^ m — 1) 
can be listed in a suitable order an, . . . , ai n , such that all the sums Sj = 
l^iLi 1 a ij (1 ^ J ^ n ) are distinct. Since all the elements of A m have 
odd order, by [Su3, Theorem 1.1(h)] there is a numbering {a mj }™ =1 of the 
elements of A m such that all the sums Sj + a m j = YliLi a ij (1 ^ J ^ n ) 
are distinct. We are done. □ 

As an essential result, Theorem 1.1 might have various potential appli- 
cations in additive number theory and combinatorial designs. 

We can extend Theorem 1.1 via restricted sumsets in a field. The 
additive order of the multiplicative identity of a field F is either infinite 
or a prime; we call it the characteristic of F and denote it by ch(F). The 
reader is referred to [DH], [ANR], [Su2], [HS], [LS], [PS1], [Su3], [SY] and 
[PS2] for various results on restricted sumsets of the type 

{ai H h a n : a\ € A\, . . . , a n e A n and P(ai, ... ,a n ) ^ 0}, 

where Ai, . . . , A n C F and P(xi, . . . , x n ) G F[x±, . . . , x n ]. 

For a finite sequence {Ai}f =1 of sets, if a-y G Ai, . . . ,a n G A n and 
a±, . . . ,a n are distinct, then the sequence {ai}f =1 is called a system of 
distinct representives (SDR) of {Ai}™ =1 . This concept plays an impor- 
tant role in combinatorics and a celebrated theorem of Hall tells us when 
{^iliLi nas an SDR (see, e.g., [Sul]). Most results in our paper involve 
SDRs of several subsets of a field. 

Now we state our second theorem which is much more general than 
Theorem 1.1. 
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Theorem 1.2. Let h, k, l,m,n be positive integers satisfying 

fc-l^m(n-l) and I -1^ h(n-l). (1.1) 
Let F be a field with ch(F) > maxjiiT, L}, where 

K = (k - l)n - (m + 1) Q and L = (I — l)n — (h + 1) Q . (1.2) 

Assume that c±, . . . ,c n G F are distinct and Ai, . . . , A n , B±, . . . , £? n are 
subsets of F with 

\At\ = ■■■ = \A n \ = k and\B 1 \ = --- = \B n \ = I. (1.3) 

Let Pi(x), . . . , P n (x), Qi(x), . . . , Q n (a ; ) G F[x] be monic polynomials with 
deg Pi(x) = m and deg Qi(x) = h for i = 1, . . . , n. Then, for any S, T C 
F wift ^ K and |T| ^ L 7 t/iere exzst a± G Ai,... , a n G A n ,b\ G 
. . . , b n G £? n snc/i t/iat ai + ■ • ■ + a n G" S, b\ + ■ ■ ■ + b n G" T , and also 

aibiCi ^ ajbjCj, Pi{ai) ^ Pj(a,j), Qi{bi) ^ Qj{bj) if I ^i < j ^ n. (1.4) 



Remark 1.2. If h, k,l,m,n are positive integers satisfying (1.1), then the 
integers K and L given by (1.2) are nonnegative since 

K > ni(n - !)// - 1 ) ( ' J = (m-l)rM and L > (/i-l)Pj. 



From Theorem 1.2 we can deduce the following extension of Theorem 
1.1. 

Theorem 1.3. Let G be an additive abelian group with cyclic torsion 
subgroup. Let h, k, /, m, n be positive integers satisfying (1.1). Assume that 
ci, . . . , c n G G are distinct, and Ai, . . . , A n , £?i, . . . , B n are subsets of G 
with \Ai\ = • • • = \A n \ = k and \Bi\ = ■ ■ ■ = \B n \ = I. Then, for any sets S 
andT with \S\ ^ (/c-l)n-(m+l)Q) and |T| ^ (l-l)n-(h+l)(f) , there 
are a\ G Ai, . . . , a n G A n , b\ G Bi, . . . , b n G £? n swc/i t/iat {ai, . . . , a n } ^ 
5", {6i, . . . , b n } G" T, and a/so 

cii + bi + Ci 7^ aj + 6j + Cj, ma^ 7^ maj, hbi 7^ /i&j if 1 ^ i < j ^ n. (1.5) 

Proof. Let if be the subgroup of G generated by the finite set 
A 1 U • • • U A n U £?i U • • • U B n U {ci, . . . , c n }. 
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Since Tor (if) is cyclic and finite, as in the proof of [Su3, Theorem 1.1] we 
can identify the additive group H with a subgroup of the multiplicative 
group C* = C \ {0}, where C is the field of complex numbers. So, without 
loss of generality, below we simply view G as the multiplicative group C*. 

Let S and T be two sets with \S\ ^ (k — l)n — (m + l)^) an d \T\ ^ 
(l-l)n-(h + l)Q). Then 

S' = {a\ H h a n : a\ G A\, ... , a n G A n , {ai, . . . , a n } G S} 

and 

T' = {6i + • • • + b n : 6 1 e5i,...,6 n eB n , {6 1} ... ,6 n } g T} 

are subsets of C with |S"| < |S| and \T'\ ^ |T|. By Theorem 1.2 with 
= x m and = x' 1 (1 ^ z ^ n), there are ai G -Ai,... ,a n G 

A n ,b\ G Bi,... ,b n G S n such that ai + • • • + a n S' (and hence 

{ai, . . . , a n } ^ S), bi + h b n T' (and hence {b\, . .. , b n } G" T), and 

also 

aAQ ^ ajbjCj, a™ ^ a™, &J ^ i/ 1 ^ % < j sC n. 
This concludes the proof. □ 

Remark 1.3. Theorem 1.1 in the case m = 3 is a special case of Theorem 
1.3. 

Here is another extension of Theorem 1.1 via restricted sumsets in a 
field. 

Theorem 1.4. Let k,m,n be positive integers with k — 1 ^ m(n — 1), 
and Zet F be a field with ch(F) > max{mn, (k — 1 — m(n — l))n}. Assume 
that ci, . . . , c n G F are distinct, and Ai, . . . , A n , Bi, . . . , £? n are subsets 
of F with \Ai\ = ■ ■ ■ = \A n \ = k and \Bi\ = ■ ■ ■ = \B n \ = n. Let Sij C F 
with \Sij\ < 2m for all 1 ^ i < j ^ n. Then there is an SDR {bi}f =1 of 
{Bi}f=i such that the restricted sumset 

S = {ai + • • • + a n : ai G Ai, ai — aj G" Sij and aibiCi ^ CLjbjCj if i < j} 

(1.6) 

has at least (k — 1 — m(n — l))n + 1 elements. 

Now we introduce some basic notations in this paper. Let R be any com- 
mutative ring with identity. The permanent of a matrix A = (o>ij)i^.i,j^ n 
over R is given by 

per(^4) = \\dij \\i^i,j^ n = a l,a(l) ■ ' •Q'n,a(n), (1-7) 

o"£S„ 
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where S n is the symmetric group of all the permutations on {1, . . . , n}. 
Recall that the determinant of A is defined by 

det(A) = {dijl^ij^n = e(o-)ai ><y (i)---a ni<y ( n ), (1.8) 

creS n 

where e(a) is 1 or —1 according as a is even or odd. We remind the 
difference between the notations | • | and || • ||. For the sake of convenience, 
the coefficient of the monomial polynomial P(xi, . . . , x n ) 

over R will be denoted by [a^ 1 • • • x!^ n ]P(xi, . . . , x n ). 

In the next section we are going to prove Theorem 1.1 in two different 
ways. Section 3 is devoted to the study of duality between determinant 
and permanent. On the basis of Section 3, we will show Theorem 1.2 in 
Section 4 via the polynomial method. In Section 5, we will present our 
proof of Theorem 1.4. 

2. Two proofs of Theorem 1.1 

Lemma 2.1. Let R be a commutative ring with identity, and let e R 
for i = l,... ,m and j = 1, . . . , n, where m e {3, 5, . . . }. The we have the 
identity 

(m—l to— 1 \ 

a mj || 

»l,...,u m _ic% -L^t^J^ll S — l S=l 

= J I { a lj ~ a li) " ' { a mj ~ ^mi) ■ 

(2.1) 

Proof. Recall that |^} _1 |i^i,jXn = Ili^j^n^j ~~ x ( Vandermonde) . 
Let £ denote the left-hand side of (2.1). Then 

£= ^2 e (vi---°~rn-i)\(ai iai (j)---a m - 1:am _ 1 ( j )a mj y~ 1 \i^ l j^ n 

<ti,... ,ff m -i£S„ 

= e(o-i) x ••• x e(cr m _i) 

(Ti,... ,ff m -i€S„ 



t€S„ i=l 

n m — l n 

= e £ w m nc ( .i x n e ^Mnc, rW 

t€S„ i—1 s—l a s eS n i=l 

n m — l n 

= e E w*nC(i) x n e ^ncv 



i-1 
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Since m is odd, we finally have 

m— 1 m 
s=l s=l l^i<j'^n 

This proves (2.1). □ 

Remark 2.1. When m G {2,4, 6, . . .}, the right-hand side of (2.1) should 
be replaced by 

ll a m/lli^,:Kn II (aij ~ an) ■ ■ ■ (a m -ij - a m - lti ). 

Definition 2.1. A subset £ of a commutative ring R with identity is said 
to be regular if all those a — b with a,b <E S and a ^ b are units (i.e., 
invertible elements) of i?. 

Theorem 2.1. Let R be a commutative ring with identity, and let m > 
be odd. Then, for any regular subsets A±, . . . , A m of R with cardinality 
n G 7j + , the elements of (1 ^ i ^ m) can 6e foted in a suitable order 
an, . . . , ai n , so that all the products Yl^Li a ij (1 ^ J ^ n ) are distinct. 

Proof. The case to = 1 is trivial. Below we let m G {3, 5, . . . }. 

Write A s = {b s i, . . . , b sn } for s = 1, . . . , to. As all those 6 SJ - — 6 s j with 
1 ^ s ^ m and 1 ^ z < j ; ^ n are units of i?, the product 

J] {hj - bu) ■ ■ ■ (bmj - bmi) 

is also a unit of R and hence nonzero. Thus, by Lemma 2.1 there are 
o~i, . . . , o~m-i G S n such that whenever 1 ^ % < j ^ n we have 

^l,<ri(i) ' ' " ^m-l,cr m _i(i)^mi 7^ ^1,cti(j) ' ' ' ^m-l,cr m _i (j) b m j • 

For 1 ^ s ^ m and 1 ^ j ^ n, let a SJ - = 6 S)(Ts (j) if s < to, and a SJ - = b s j 
if s = to. Then {a s i, . . . , a sn } = A s , and all the products YlT=i a sj U = 
1, . . . ,n) are distinct. This concludes the proof. □ 

Proof of Theorem 1.1. As mentioned in the proof of Theorem 1.3 via 
Theorem 1.2, without loss of generality we may simply take G to be the 
multiplicative group C* = C \ {0}. As any nonzero element of a field is 
a unit in the field, the desired result follows from Theorem 2.1 immedi- 
ately. □ 

Now we turn to our second approach to Theorem 1.1. 
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Lemma 2.2. Let ci, . . . , c n be elements of a commutative ring with iden- 
tity. Then we have 

= n ( c j-°i)- 

(2.2) 

Proof. Observe that 

II ( X J - x i) < yVj ~ yi)( c j x jVj - c i x iVi) 

= \ X i ll^iJ^nlVi \l^i,j^n\{CiXiyiy |l^i,j^n 

n n n 

= e ^)iK (i)_l >< e >< e ^n^- 1 

n n 

= E £ wn c < (i)_l e eMn(4 (i)+ ° (i) -v <i)+T<i) - 2 )- 

A6S„ i=l cr,r6S„ i=l 

Thus the left-hand side of (2.2) coincides with 

e (^n^W) = H-'ii^n = n ( c i-o> 

where A(i) = n + 1 — for i = 1, . . . , n. We are done. □ 

Let us recall the following central principle of the polynomial method. 

Combinatorial Nullstellensatz [Al]. Let A 1 , . . . ,A n be finite subsets 
of a field F with \Ai\ > ki for i = 1, . . . ,n, where k±, . . . ,k n are non- 
negative integers. If the total degree of f(x±, . . . , x n ) G F[xi, . . . , x n ] is 
ki+- ■ -+k n and [x-^ 1 ■ ■ ■ x^ n ]f(xi, . . . , x n ) is nonzero, then /(ai, . . . , a n ) ^ 
for some ai e Ai, . . . , a n e A n . 

Theorem 2.2. Let Ai, . . . , A n and B±, . . . , B n be subsets of a field F 
with cardinality n. And let ci,... ,c n be distinct elements of F. Then 
there is an SDR {aj}" =1 of {Ai}f =1 and an SDR {6i}™ =1 of {-Bi}™ =1 such 
that the products ai&iCi, . . . , a n b n c n are distinct. 

Proof. As ci, . . . , c n are distinct, (2.2) implies that 

\ X l~ l ■■■ X n~ 1 Vl~ 1 ■■■Vn~ 1 ] II ( X 3 - X i)(Vj -yi)( C j X jVj ~ C i X iVi) ± °- 



AN ADDITIVE THEOREM AND RESTRICTED SUMSETS 



9 



Applying the Combinatorial Nullstellensatz, we obtain the desired re- 
sult. □ 

Remark 2.2. When F = C, Ax = ■ ■ ■ = A n and B x = ■ ■ ■ = B n , Theorem 
2.2 yields Theorem 1.1 with m = 3. Note also that Theorems 1.2 and 1.4 
are different extensions of Theorem 2.2. 

3. Duality between determinant and permanent 

Let us first summarize Theorem 2.1 and Corollary 2.1 of Sun [Su3] in 
the following theorem. 

Theorem 3.1 (Sun [Su3]). Let R be a commutative ring with identity, 
and let A = (aij)x^.i,j^. n be a matrix over R. 

(i) Let kx, ■ ■ ■ , k n ,mx, . . . , m n G N = {0, 1, 2, . . . } with M = Yh=x m * + 
SQ) <: E?=i k i where ^ G {0, 1}. Then 

x E"=ifci-M 



l^i<j^ri ^ s=l ' 

J2a€S n ,D <T CN £ ( (7 ) N ^ll7=l a iMi) i f 5 = °> 

w;/iere 

£><r ={^a(i) - mi,... , fc tr ( n ) - m n }, 

T n ={a G S n : D a CN and \D a \ = n}, 

Na _ _ (fci + --- + fc w -M)! e z + 

nr=i rio<j<As <7 ( i )-m i (fcff(i) -j) 

j0D ct if 5=1 

and a' {with a G T n ) is the unique permutation in S n such that 

< fca(a'(l)) ~~ m a'(l) < ■ • < ^(^'(n)) _ m a'(n)- 

(ii) Let fc, mi, . . . , m n G N witt mi ^ • • • ^ m n ^ fc. T/ien 
[x k x ■ ■ ■ x k n ] laijxplx^j^nixx + ■■■ + x n ) fcn " E "=i m * 

In the case mi < • • • < m n , we also have 

[ X l " ' X n]\ a ij X j l \l^i,j^n Y\_ ( X J ~ x i) X ( ^ J 



per(A). 



IL=iII nuKj^k (j-rrii)- 

j£{m s :i<s!^n} 

(3.2) 
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[x 1 ■■■x n 



In view of the minor difference between the definitions of determinant 
and permanent, by modifying the proof of the above result in [Su3] slightly 
we get the following dual of Theorem 3.1. 

Theorem 3.2. Let R be a commutative ring with identity, and let A = 
( a ij)i^i,js^n be a matrix over R. 

(i) Let k u m u ... ,k n ,m n G N with M = J27=i m i + ^(2) ^ Y!i=i h 
where 5 G {0, 1}. Then 

k k m s ( U \ Er = lfcl " M 

" L,l]U aijX 1 J ll \\i^i j j<^ n Y\ ( x j ~ x i) & x ( ^ x s J 

T l aeS n ,D„Cn N <rTIi=l a i,v(i) */ S = °> 

where D a ,T n ,N a and a' are as in Theorem 3.1 (i) . 

(ii) Let k, mi, . . . , m n G N with mi ^ • ■ • ^ m n ^ fc. T/ien 

[x\ ■ ■ ■x k n ]\\a ij x™ i \\i^ j ^ n {xi + ■■■ + Xn ) kn -^^ mi 

- {kn -^ mi)l p er(A). (3 ' 3) 



In the case mi < • • • < m n , we also have 



( U 

l^i<j^n s=l 



fcn-(")-Er=r 



\U=i\[ miKj^k {j-m z ) 

(3.4) 

Remark 3.1. Part (ii) of Theorem 3.2 follows from the first part. 

Theorem 3.3. Let R be a commutative ring with identity, and let aij G R 
for all i,j = 1, . . . , n. Let k,h, . . . , l n , mi, . . . , m n G N with N = kn — 

(i) (Sun [Su3, Theorem 2.2]) T/iere ZioZcis the identity 



[Xi ■ ■ • X n ] \a,ijXj |l^i 5 j'^n \%j \l^i,j^n (^1 "I - ' ' ' ~t~ %n) 
[Xi • • • X n ] \dijXj \l^.i,j^.n \ x j \l^i,j^n (, x l ' ' ' x n) 

(ii) We also have the following symmetric identities: 

[Xi ■ ■ ■ X n ] \ \dijXj || l^ij^n \ x j % | l^ij^n (%1 ~\~ ' ' ' ~\~ %n) 
— \x-\_ " " " X n ] || &ijXj ||l^i,j'^n \%j \l^i,j^n (^1 "H ' ' ' "H Xn) ? 



(3.5) 



(3.6) 



and 
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[x-^ ■ ■ ■ X n ~\ \(lijXj I l^i y j^n W^j II l^i,j^n (^-1 "t - ' ' ' %n) 

^nW^ij"^ j ll^*,jX n ll^j lll^i,J^ n (^1 ~t" ' ' ' "I - ? 



1 ll^ij^-'j II l^i,j^n W^j || l^ij^n (^1 ~l~ ' ' ' ~t~ 3^n) 



(3.7) 



(3.8) 



Theorem 3.3(ii) can be proved by modifying the proof of [Su3, Theorem 
2.2] slightly. 

4. Proof of Theorem 1.2 

Lemma 4.1. Let h,k,l,m,n be positive integers satisfying (1.1). Let 
ci , . . . , c n 6e elements of a commutative ring R with identity, and let 
P(xi, . . . , x n , yi, . . . , y n ) denote the polynomial 

Yl (c J x J y j -c l x i y t )(x 1 J l -xT)(yj-yh x (x 1 + ---+x n ) K (y 1 + ---+y n ) L 1 
where K and L are given by (1.2). TTien 



« ^ _ 1 — rm)l(l — 1 — r/i)! , i . 

iV = (fcm)-U) J] ^ Jjl L G Z +. (4.2) 

r=0 ' 

Proof In view of Theorem 3.3(i) and Theorem 3.1(h), 

Wi 1 ■ ■ ■ y l n x ] II ( C 3 X 3V3 - c i x iVi)(yj - vi) x (yi + • • • + ?/-) L 

Hz/!" 1 • • •yi- 1 ]|(c J ^) i - 1 yr 1 |i^^n|yf - 1)h Ui J<n {yi + ■■■ + y n ) L 
=\ifc X ■ • •^- 1 ]l(^) i - 1 y^- 1)/l | 1 ^^ n |yj- 1 | 1 ^ Kn (y 1 + • • • + y n ) L 

=(-i)^ ) ^ii(wr i n 1 ^ n , 



m 

~N 



^ n (<*-«>, (41) 
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where 

*,=n n tt-«-D»=n V- (i -ff 

i=l (i-l)/i<j^J-l i=l HO<jsSn-iVJ ; 

j/hg{s€Z: i^s<n} 

_ rr g ~ 1 ~ (j ~ _ ,,.(;) ^ (/ - 1 - r/Q! 

J-J- (n-iV.h 71 -* " J-l 



r=0 



r ! 



Thus, with helps of Theorem 3.3(h) and Theorem 3.2(H), we have 
(-1) (5) [x^ 1 • • • **" Yr 1 • • • fc^Pixu ■ ■ ■ , x n , yu ■ ■ ■ , Vn) 

T\ / " V 

=[^- 1 ---4- 1 ] I 1|l(c ^ )i " 1|ll ^ n n (*r-*n>< $> s 

= ~^[ X 1 '"^n ]II C 7 X j l|l^*J<n|^j \l^i,jr^ n (xi + ■ ■ ■ + X n ) 



LI 



= rn[^-i . . •^ 1 ]||4- 1 4 i - 1)m || 1 ^^ n |4- 1 | 1 ^, jXn ( : r 1 + • • • + x n ) K 



L\. (n\ K\ . (n) K\L\ -,-r , , 

:— (-l)UJ — | C . l| KiKn = (_l)UJ__ (Cj-Ci), 



where 

n-l 



A-„=n n b--«-iM=m-(;)n (fc " 1 r 7 rm " -(4.3) 

«=1 (i-l)m<j^fc — 1 r=0 
j'/m^{s£Z: i^s<n} 

Therefore (4.1) holds with N = K L eZ+. □ 

Proof of Theorem 1.2. Let /(xi, . . . , x n , yi, ■ ■ ■ , y n ) denote the polynomial 

II ( p j( x j) - p i( x i))(Qj(yj) - Q. i u, )){(■,■!■ j n j - CiXiyi) 

x (xi + • • • + x n ) K ~W Yl (xi + ■ ■ ■ + x n - a) 

aes 

x (yi + ■ ■ ■ + y n ) L ~ m Y[(yi + --- + y n -b). 

beT 

Then 

degf ^ (m+h+2)(^j+\K\ + \L\ = (k-l+l-l)n = J2(\Ai\-l+\Bi\-l). 
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Since ch(F) > maxjif, L} and Yli^i<j< n ( c j — c ^ 0' ^ n y i ew of Lemma 
4.1 we have 

[x'T 1 ■■■x k n ~ 1 y[~ 1 ■■■y l ~ 1 ]f{x u ... ,x nt y lt ... ,y n ) 
^xl' 1 ■■■x k n - 1 y[- 1 ■■■y l - 1 ]P{x l ,... ,x n ,yi,... ,y„)^0, 

where . . . , x n , yi, ■ ■ ■ , y n ) is defined as in Lemma 4.1. Applying the 

Combinatorial Nullstellensatz we find that /(ai, . . . , a n , &i, . . . , b n ) ^ 
for some a\ G Ai, . . . , a n G A n , &i G Si, . . . , 6 n e S n . Thus (1.4) holds, 
and also ai + • — h a n ^ S and &i + • • • + b n £ T. We are done. □ 

5. Proof of Theorem 1.4 

Non-vanishing permanents are useful in combinatorics. For example, 
Alon's permanent lemma [Al] states that, if A = (a>ij)i^i,j^ n is a matrix 
over a field F with per(A) ^ 0, and X 1 , . . . ,X n are subsets of F with 
cardinality 2, then for any b±, . . . ,b n G F there are x\ G Xi, . . . , x n G X n 
such that X]j=i a jj' x i 7^ ^ f° r alH = 1, . . . , n. 

In contrast with [Su3, Theorem 1.2(H)], we have the following auxiliary 
result. 

Theorem 5.1. Let Ai, . . . ,A n be finite subsets of a field F with \Ai\ = 
■ ■ ■ = \A n \ = k, and let Pi(x), . . . , P n (x) G F[x] have degree at most m G 
Z + with [x m ]Pi(x) , . . . , [x m ]P n (x) distinct. Suppose that k — 1^ m(n — l) 
and ch(F) > (k — l)n — (m + 1) (2) • Then the restricted sumset 

C = I : ai e Ai ' a i f° ri and ll- F J'( a J') , ~ 1 |li<*.J<»* ^ f 

^ i=i > 

(5-1) 

has cardinality at least (k — l)n — (m + 1) Q) + 1 > ( m ~ 1) (2) • 

Proof. Assume that \C\ ^ K = (k - l)n - (to + l)®- Clearly the 
polynomial 

/(Xi, . . . , 3^n) • J J (^j 

x Y[(x 1 + 

cec 

has degree not exceeding (k— l)n = X^id^l ~~ Since ch(F) is greater 
than X, and those bi = [x m ]Pi(x) with 1 ^ % ^ n are distinct, with the 



Xi) X ||-Pj(Xj)' j^n 



• + x n -c) x (xi + --- + x n ) K "l c l 
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K 



help of Theorem 3.2 (ii) we have 
\_X]_ ■ ■ ■ x n ]f(xi, • • • , x n ) 

= [^- 1 ---^- 1 ] n (x.-X^XP^xf-^h^J^s) 

=(-i) ( ^^i^- i ii^n=(-i)^u n fe-^)^o, 

l^£<.?^n 

where if is given by (4.3). Thus, by the Combinatorial Nullstellensatz, 
f(ai, . . . , a n ) 7^ for some a± e Ai, . . . , a n e A n . Clearly XlT=i «i £ C if 
ll-^j'( a j') l_1 ||i<i,j^n 7^ and Oi ^ Oj for all 1 ^ z < j ^ n. So we also have 
/(ai, . . . , a n ) = by the definition of f(x±, . . . , x n ). The contradiction 
ends our proof. □ 

Corollary 5.1. Let Ai, . . . , A n and B = {bi, . . . , 6 n } be subsets of a field 
with cardinality n. Then there is an SDR {ai}™ =1 of {Ai}f =1 such that the 
permanent ||(aj^j) l_1 ||i^i,j^n is nonzero. 

Proof. Simply apply Theorem 5.1 with k = n and Pj(x) = bjx for j = 
l,...,n. □ 

Lemma 5.1. Let k,m,n<E Z + with k — 1 ^ m(n — 1). T/ien 

[^" 1 "-^n" 1 ] II {Xj-Xif^iXjVj-XiVi) X f J^xJ 

n-1 (5 - 2 ) 

/ ^mf"! WW! rr (rm)\ .. 

(m!) n ?i! ^ (A; — 1 — rm)\ J 



where N = (k — 1 — m(n — l))n. 

Proof. Since both sides of (5.2) are polynomials in yi, . . . , y n , it suffices to 
show that (5.2) with y±, . . . ,y n replaced by a±, . . . ,o n 6C always holds. 
By Lemma 2.1 and (2.6) of [SY], we have 

(n \ N 

N\ , ^^ m fn\ ml(2m)\ ■ ■ ■ (nm)\ 



(;) m!(2m)!-(nm)! M -pr rr, , 



((fc-l)!)" v 7 (m!) n n! 
/ n m(;)H!^|| n i-iii tt ( rm ) ! 



0<r<n s=l 

n-1 



(m\) n n\ 11 J " ^ '^ ^ {k-l-rm)V 
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This concludes the proof. □ 

Proof of Theorem 1.4- Since c±, . . . ,c n are distinct and \Bi\ = ■■■ = 
\B n \ = n, by Corollary 5.1 there is an SDR {bi}™ =1 of {-Bj}^ =1 such that 

WibjCjY^Wl^j^n + o. 

Suppose that \S\ ^ N = (k — 1 — m(n — l))n. We want to derive a 
contradiction. Let f(xi,... ,x n ) denote the polynomial 

1 I ( (PjCjXj - biCiXi)(xj - Xi) 2 "* -1-15 "' 1 Y[ (xj -x l +c) 

x ( Xl + --- + x n ) N -^ Y[( Xl + --- + x n -a). 

aes 



Then 



deg f^2m(^j+N = (k- l)n = J2(\ A i\ ~ !)• 
With the help of Lemma 5.1, we have 
[Xj • • • x n ]f(xi,... ,x n ) 

= [ :C 1 _1 ' ' ' X n~ 1 ]( ;r l H t-^n)^ Q (bjCjXj - biCiXi)( X j - Xi ) 

1 J HF^! !! (Jt-l-m)! ll(6, ' Ci) " 1<iJ ' <n * 



2m- 1 



since ch(F) > max{mn, iV}. By the Combinatorial Nullstellensatz, there 
are a\ G Ai, . . . , a n G A n such that /(ai, . . . , a n ) 7^ 0. On the other hand, 
we do have f(ai, . . . , a n ) = 0, because a\ + • • • + a n G S if — cij G" S 1 ^- 
and ajfejCj 7^ a jbjCj for all 1 ^ z < j ^ n. So we get a contradiction. □ 
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